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Let T,, , n = 1, 2 ,... be a sequence of linear contractions on the space 
L’(X, B’, p), where (X, 9, p) is a finite measure space. Let M be the subspace 
of L’ for which T,g + g weakly in L’ for g EM. If T,,l -+ 1 strongly, then 
Tsf -+ f strongly for all f in the closed vector sublattice in I,’ generated by M. 
This result can be applied to the determination of Korovkin sets and shadows 
in L’. Given a set G CL’, its shadow S(G) is the set of all f ELM with the 
property that T,J + fstrongly for any sequence of contractions T,, , n = 1, 2,... 
which converges strongly to the identity on G; and G is said to be a Korovkin 
set if S(G) = I,‘. For instance, if 1 E G, then S(G) = L’(X, SYM, p), where 
M is the linear hull of G and &‘M is the sub-a-algebra of 1 generated by 
{x E X: g(x) > 0) for g B M. If the measure algebra is separable, L1(X, g, p) 
has Korovkin sets consisting of two elements. 
1. INTRODUCTION 
Let (X g’, p) b e a finite measure space with p(X) = 1, and let 
L1 = L1(X, 93, cl) be the space of (the equivalence classes of) the real- 
valued p-integrable functions on (X, 9, EL). For B E $8 we denote the 
characteristic function of B by 1, . 
Let {T, : n = 1, 2,...} b e a given sequence of linear contractions of 
L1(X, 3, p) into itself, and let us call the set of all functions 
f E Lr(X, a, p) which satisfy 
lip T,f = f (strongly) in L1 
the convergence set of {T, : 7t = I,2 ,... } in Lr(X, 3, p). The purpose 
of this paper is to characterize convergence sets and to discuss different 
variants of this notion and applications. 
* The paper was presented by one of us at the Regional Conference of the NSF at 
University of California, Riverside, June 14-19, 1972, see [5]. 
t Supported, in part, by the NSF Grants No. GP-34417 and No. GP-23566. 
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In Section 2 we formulate and prove the main theorems; in Section 3 
we give extensions and remarks. In Section 4 we deduce a Korovkin 
theorem from our main result; Section 5, finally, deals with applica- 
tions. 
2. MAIN THEOREMS 
THEOREM 1. Let {Tm : n = 1, 2,...} b e a sequence of contractions of 
L1(X, a’, p) such that lim, T,l, = 1, inL1. 
If M denotes ome linear subspace of Ll(X, 37, p) such that, for all 
gEM, 
IiF T,g = g weakly in L1, (1) 
then, for each f E Ll(X, 93, , TV), 
li f;” T,,f = f in L1, 
where a,,,, is the sub-a-algebra of a generated by the sets D, = 
{x E X: g(x) > 0}, g E M. Moreover, M C Ll(X, gM , p). 
Only apparently weaker is the statement hat the convergence set of 
the sequence {T, : n = 1, 2,...} contains the closed Banach lattice 
generated by M (see [4]). In fact, one can prove that every such 
sublattice of L1 is of the form Ll(X, @,+, , p) (see for example [l]). 
The theorem will be derived from five lemmas given below. 
By a smoothness point of the unit sphere S, of a (real) Banach space 
E we mean an element f, for which there is a unique functional 1 in 
the dual space E* such that Z(f) = 11 f lie = 11 ZllE* = 1. For the space 
Ll(X, &?, p), the smoothness points of its units sphere S,l are easily 
characterized. Indeed, if we identify the dual of Ll(X, A?‘, CL) with 
La(X) &‘, cl) and write the binary relation between these spaces in the 
form 
<f*,f> = Jrr (fEL1,f*ELm), 
then f E S,, is smooth exactly whenf(x) # 0 except possibly on a set 
of measure zero; and the corresponding 1 is given by f * = sign f. See 
for example K&he [l, p. 3491 for further information. 
By means of the Hahn-Banach theorem we easily prove: Each 
smoothness point g of the unit sphere of a Banach space E is also a 
smoothness point of each subspace E’ C E that contains g. 
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LEMMA 1. Let g E M, (1 g I\ = 1, and let g* = sign g. Then fey all 
f E L1 that vanish on the set D, = (x: g(x) = 0}, one has 
j g*Tn(f> - j i!*s (2) 
Proof. We fix g and f. The set E of all functions of L1 that vanish 
on D,, is a subspace of L1. We can regard E as the space Ll(X’, SY’, p’), 
where X’ = X\D, , CAP consists of all sets of 23 contained in X’, and 
TV’ is a restriction of p to a”. Hence, g is a smoothness point of z. 
In E, the functions g, f span a two-dimensional subspace E. The 
functionals (g*, T,h), h E E have norm not exceeding 1: 
From every subsequence nk of natural numbers, we can extract a 
further subsequence nk, , for which (g* , Tnk,h) converges for each 
h E E. The limit is some functional Z(h) of norm jj I /I < 1. 
Since g E M, (g*, Tnk,g> + (g*,g) = 1 = Z(g). But g is the 
smoothness point of the unit sphere in E; hence, Z(h) = (g*, h). This 
proves that (g*, T,h) -+ (g*, h), h E H, hence, in particular for 
h =f. 
LEMMA 2. Let A, B, A C B, be sets from g, let B’ be the complement 
of B. If 
then 
s I TJA I - 0. B' 
Proof. From the relation 
we obtain the first part of (4), and from 
j L+jBl TJAI G jBI TJ,I + jB,I Tnl,I < j 1~ 
(3) 
(4) 
we obtain the second part. 
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LEMMA 3. Let g E M be a smoothness point of SLl . If D = DB 
denotes the set {x E X: g(x) > 0}, then 
lim T,l, = lo in L1. n (5) 
Proof. By Lemma 1, since 1 x and g are smoothness points of S,, , 
we have 
Hence (4) is valid with A = B = D. The function -g is also a 
smoothness point of S L1 , and D-, = D’. Hence (4) is also valid with 
A = B = D’. We now have 
by (4) and by the assumption on 1, , proving the lemma. 
We denote by g,-, the class of all B E 99 for which lg belongs to 
the convergence set of the sequence {T, : n = 1,2,...} in L1. 
LEMMA 4. S,, is a sub-a-algebra of S? containing 
9 = (0, : g E M is a smoothness point of S,,}. 
Proof. The fact that 9 C go is the content of Lemma 3. We first 
prove that A9a is an algebra. Because of the relation Is’ = 1, - 1, , 
we see that from B E a,-, it follows B’ E a,, . It remains to show that 
B, , B, E z%,, implies that B, n B, E a,, . 
We denote the sets B, n B, , B, n B2’, B,’ n B,’ and B,’ n B, by 
A,, AS, A,, A4, respectively, and by A any of the Ai. If A C B, 
where B is one of the four sets B, , B1’, B, , B2’, then by Lemma 1 
s T-l,-+ IA. B s 
Now from the second relation (4) we obtain 
s I TA I - 0, whenever A, B are disjoint. (6) B 
If i # j, then there is a set B, B 3 A, which is disjoint with A, . 
Thus, (6) implies 
s I TJA, I + 0, i#j, i,j=1,2,3,4. (7) 4 
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We can now prove 
lim TJ,, = lA1 in L1. n 
As in the proof of Lemma 3, 
All three last integrals converge to zero. For the last two integrals 
this follows from (7): 
It is not difficult to show that at, is actually a u-algebra, that is, 
that UkBk~aO whenever Bk~gO, K = 1,2 ,... . 
LEMMA 5. For each g E M and each 01 E R, the set 
{x E x: g(x) > 4 
belongs to 93.+, . 
Proof. Let g E M be given. Since 1, belongs to M, for all but 
countably many (II, 
is a smoothness point of SL1 , so that D, E d. If 01~ is one of the excep- 
tional points in R, we can find a decreasing sequence ak , k = 1,2,... 
of nonexceptional al’s converging to o(a , giving De,, = Uk Dg,, . This 
proves the lemma. 
Proof of Theorem 1. Since a,, C g is a u-algebra, the space 
Ll(X, aO , CL) is defined, and we can regard it as a subspace of L1. 
Each function in Ll(X, B’s , p) is approximable by a linear combination 
of functions 1, , B E &JYO , hence this space is contained in the conver- 
gence set of the sequence {T, : n = 1,2,...}. Since 9 C 9s , also 
gM C G?‘. ; thus, also L1(X, g,,., , CL) is contained in the convergence 
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set. Finally, if g E M, by Lemma 5, each set {x: g(x) > a} belongs to 
a,,., , hence g E.U(X, g,,, , CL). This completes the proof. 
Some elements of the proof of Theorem 1 appear already in Wulbert 
161. 
We can characterize to some extent the convergence set. If we 
select M to be the convergence set, Theorem 1 yields (with AY,, as 
above). 
THEOREM 2. Let {T, : n = 1, 2,...} be a sequence of contractions of 
L1(X, g, p), for which lim, T,lx = 1, in L1. Then the convergence set 
of {T, : n = 1, 2 ,... > in Ll(X, 9, CL) is precisely L1(X, g,, , cl). 
3. EXTENSIONS AND REMARKS 
The function 1 x plays a special role in Theorem 1. We shall show 
that it can be replaced by an arbitrary quasi-interior point f. of 
L+l = {f E Ll(X, a’, p): f (x) > 0 p - a.e,}, the positive cone of 
Jyx a’, PI. 
If E is a (real) Banach lattice with positive cone E+ , an element of 
f. E E+ is said to be a quasi-interior point of E+ if the order interval 
[O,fol = {f E E: 0 <f Gfo) h as a dense linear span in E. Here, the 
relation < is the partial order on E. In case E = L1(X, S?, p), a 
function f. E L+l is quasi-interior if f (x) > 0 except possibly on a set 
of measure zero. 
Let f. be quasi-interior in L+l. We may assume that 11 f. (1 = 1. 
Setting dv = f. d,u , that is, defining 
we obtain a new measure on (X, 9?), which satisfies v(X) = 1 and has 
the property that v(B) = 0 is equivalent to p(B) = 0. It follows from 
the theorem of Radon-Nikodym that for each f E L1(X; &8, p) there is a 
unique F E Ll(X, a, v) such that 
JBfdP = JBFdv, BEG. 
If we denote the mapping f --t F by @, then @ is an isometric lattice 
isomorphism of Ll(X, g’, CL) onto L1(X, GY, v). In particular @f. = lx . 
It follows from these arguments that for example Theorem 2 has 
the following generalization. 
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THEOREM 2’. Let {T, : n = 1, 2,...} be a sequence of contractions of 
Ll(X, g!, CL). 
If the convergence set of (T, : n = 1, 2,...} in L1(X, 9Z9, p) contains a 
quasi-interior point fO with (1 fO 1) = 1, then the convergence set is given by 
{f = Ffo : F EP(X, cc&, , v)> 
where .?BO is a sub-a-algebra of g and the measure v is given by (8). 
We would like to point out the special role of positive contractions 
in our theorems. 
The vector space 9 of all continuous linear transformations of 
L1(X, 3, p) into itself is an order complete vector lattice with positive 
cone 9+, which consists of all positive linear transformations T, 
characterized by Tf 3 0 whenever f 3 0. For a T E 9, its absolute 
value / T / is given by 
and II I T I II = II TIL see for example Peressini [5]. 
Let (T, : n = 1, 2,...} be a sequence of contractions of L1(X, 99, p). 
We have the following lemma. 
LEMMA 6. If for a quasi-interior point f. E L+l, 
“F Tnfo = fo in L1, (9) 
then for all f E L(X, $3, II), 
lip((I T, 1 - T,)f=O in L1. 
Proof. For each n, I T, 1 - T, belongs to 9+ with norm < 2 
(actually < 1). Since 
we have 
Ml Tn I - Tn)fo II = II I Tn Ifo II - II T,f,, II - 0, 
and for each f in the order interval [O, fo], 
0 < (I T, I - Tdf d (I Tn I - Td.6 -+ 0. 
Since the linear span of [0, fo] ’ IS d ense in L1, this proves the lemma. 
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Lemma 6 shows that our main theorems of Section 2 follow from 
the corresponding theorems for positive contractions on L1. This 
lemma is peculiar to the space L l. In a later paper we shall show that 
Theorems 1 and 2 for positiwe contractions are valid for a large class 
of Banach function spaces. 
It is natural to ask whether Theorems 1 and 2 remain valid for a 
sequence (T, : n = 1, 2,...) of positive operators with uniformly 
bounded norms. The answer is negative. To prove this, consider Z,(3), 
the space of all real triples f = (fi , fi , f3) with norm 11 f 11 = 
(Ifi I + Ifi I + If3 l)/3. Let Md enote the subspace of all f E Z,(3) for 
which fi = (fi +fdZ in other words, let M = lin (g, , gi}, where 
g,, = (1, 1, 1) and g, = (0, 1, 2). The sublattice of Z,(3) generated by 
M is obviously the space Z,(3) itself. If P is the linear projection of 
4(3) onto M defined by 
[Pf 11 = fi 2 [Pf 12 = (fi +fW and Pfls =f3 9 
then P is positive and has norm 11 P 11 = sup{II Pf I(: 11 f I( = l} = $. 
For the sequence {T, = P: fl = 1, 2,...) of positive transformations 
the assertions of Theorems 1 and 2 obviously fail. 
4. A THEOREM OF KOROVKIN’S TYPE 
A theorem of this type can be derived from Theorem 1. Let M be 
a subspace of L1(X, 9Y, p). We consider all f E L1 which have the 
following property. Whenever {T, , n = 1,2,...} is a sequence of 
contractions of Ll(X, 5?, p) for which 
lif;” T,,g = g in L1, geM, (10) 
then also 
IiF Tnf = f in LI. (11) 
The set of all f with this property shall be called the shadow of M, 
and denoted by S(M). I n other words, S(M) is the intersection of all 
convergence sets of M with respect to all possible sequences of con- 
tractions. Clearly, S(M) is a closed subspace of Ll(X, B’, p). 
THEOREM 3. Let M be a l&ear subspace of Ll(X, 4?, p), containing the 
function lx . Then 
SW) = -W-T 9.~7 P). (12) 
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Proof. From theorem 1 it follows that Ll(X, gM , p) C S(M). It is 
sufficient to find a sequence of contractions, for which the convergence 
set is exactly U(X, 9YM, p). 
For f E L1, we define the conditional expectation Pf off to be the 
unique function in L1(X, 9ZM, cl) for which 
The transformation P is a positive linear contraction of L1(X, S?, CL), 
which satisfies Pf = f exactly when f E L1(X, gM, p). The sequence 
T, = P, n = 1, 2,... satisfies (lo), and its convergence set is 
L1(X, g,,., , p), as required. 
In the same way one shows that a subspace M of L1, containing lx , 
is a convergence set of some sequence of contractions if and only if it 
is of the form L1(X, 9, CL) with some sub-u-algebra 97 of 9Y. 
A set K C L1 is a Korovkin set (see [4]) for contractions if for each 
sequence {T, : n = 1,2,...), relations (10) imply (11) for all f E L1. 
We obtain the following corollary from Theorem 2’. 
COROLLARY. A subspace M of L1(X, 9, p), that contains a quasi- 
interior point of L+l, is a Korovkin set for contractions if and only if the 
a-algebra generated by the set {x E X: g(x) > 01, g E M, is equal to SY. 
Theorem 3 and the Corollary differ substantially in the characteriza- 
tion of S(M) and in their proof from results of Krasnolsel’skii and 
Lif&c [2] on convergence sets in Banach function spaces. For a general 
treatment of theorems of Korovkin’s type in this setting we refer to 
the lecture notes [4] of Lorentz. 
5. APPLICATIONS 
In our first application let X be the unit interval [0, I], SY the Baire 
field, and p a fixed probability measure on ([0, 11, 3). We write Lf 
forL1([O, 11, g!, CL). 
THEOREM 4. If{Tn : n = 1, 2,...} is a sequence of linear contractions 
of L1, and if for the functions g,(x) = xi, i = 0, 1, 
liy T,,g* = gi in L1, 
then 
lip T,f = f in L’ 
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for all f E L1. In other words, the shadow of M = lin{l, x} is the whole 
space L1. Moreover, the pair { 1, x} can be replaced by (~a, x6}, 0 < 01 < /3. 
Proof. The theorem follows from the corollary of Theorem 3. In 
fact, M contains all linear functions g, and the o-algebra generated by 
the corresponding sets DQ is a itself. 
For p being the Lebesgue measure and M = lin{l, x, x2> this 
result is due to Wulbert [6]. It was noticed by the authors and, as we 
learned, independently by Ralph L. James that the function x2 in 
Wulbert’s proof is superfluous. This reduces the set (1, x, x2} by 
33& %. 
Theorem 4 has an obvious generalization where X is a compact set 
in the n-dimensional Euclidean space En and M is the linear span of 
(1, xi ) x2 )..., x,}, xi ) i = 1, 2 ,...) n, being the components of x E X. 
More generally, let X be a compact Hausdorff space, 98’ its Baire field, 
and p a probability measure on a’. We have the following theorem. 
THEOREM 5. If M is a subspace of C(X) which contains the function 
1, and which separates points in X, then its shadow for contractions of 
Ll(X, a’, cl) is the whole space. 
A natural question arises here: What is the smallest possible 
dimension of M for which the shadow is the whole space L1. The 
answer to this is perhaps somewhat astonishing. 
THEOREM 6. Let (X, S?, p) be a separable measure space with 
p(X) = 1. There exists a function g E L1(X, a’, p) such that the shadow 
of M = lin{l, , g) is the whole Lkpace. 
Proof. We denote the class of all sets of a of measure zero by N, 
and introduce on the measure algebra (g/N, cl) the metric 
d&9 B2) = P*.(Bld B2)P w h ere B, d B, is the symmetric difference 
of B, and B, (we simply write B for the equivalence class B mod Jlr). 
By hypothesis, (99/N, ~1) is a separable metric space. Hence there is a 
countable dense subset, say, B, , B, ,..., B, ,... . We select 
g(x) = f 1,p. 
1 
Consider the sets 
B,,, = 4 , B2.1 = Bl’, 
B,,, = B, n 4.1 3 %, = B,’ n B,,, 9 Bss2 = B2 n B2.1 ,
B,,, = B,’ n B,., ; 
SEQUENCES OF CONTRACTIONS ON L1-SPACES 165 
and if the sets 
B B 1,n ’ 2,n ‘...’ B 2”,n 
are defined, we set by induction 
It follows from the very definition of the function g and the sets 
B,,, that 
(x E X: (k - 1)/2” < g(x) < k/2”} = B,,, , 1 <R <2”, n = 1,2 ,.... 
Hence, each of the sets Bks, belongs to .ATA?~. Sets B, are finite unions 
of the sets B,,, ; hence, they too belong to gM. By the density of the 
sequence, we have B E ~49~ for all B E .S?; hence, 39 = gM. 
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